In this paper, we study the boundedness of the fractional integral operator and their commutator on Herz spaecs with two variable exponents ( ) ( ) p q , ⋅ ⋅ . By using the properties of the variable exponents Lebesgue spaces, the boundedness of the fractional integral operator and their commutator generated by Lipschitz function is obtained on those Herz spaces.
Introduction
Let 0 n µ < < , ( ) ( )( ) [7] introduced variable exponents Lebesgue and Sobolev spaces as a new method for dealing with nonlinear Dirichet boundary value problem. In the last 20 years, more and more researchers have been interested in the theory of the variable exponent function space and its applications [8] - [14] . In 2012, Wu Huiling and Lan Jiacheng [15] proved the bonudedness property of , T µ Ω with a rough kernel on variable exponents Lebesgue spaces.
Recently, Wang and Tao [16] introduced the class of Herz spaces with two variable exponents, and also studied the Parameterized Littlewood-Paley operators and their commutators on Herz spaces with variable exponents.
The main purpose of this paper is to discuss the boundedness of the fractional integral with variable kernel A. Abdalmonem et al.
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Throughout this paper E denotes the Lebesgue measure, E χ means he characteristic function of a measurable set n S ⊂  . C always means a positive constant independent of the main parameters and may change from one occurrence to another.
Definition of Function Spaces with Variable Exponent
In this section we define the Lebesgue spaces with variable exponent and Herz spaces with two variable exponent, and also define the mixed Lebesgue sequence spaces.
Let E be a measurable set in n  with 0 E > . We first define the Lebesgue spaces with variable exponent. 
The Lebesgue spaces
is a Banach spaces with the norm defined by 
The mixed Lebesgue sequence space with variable exponent
is the collection of all sequences { } 0
. The homogeneous Herz space with variable exponent
,
and ( ) ( )
Properties of Variable Exponent
In this section we state some properties of variable exponent belonging to the class
Proposition 3.2. see [15] Suppose that 
, d 
, .
Now, we need recall some lemmas Lemma 3.1. see [13] 
have that for all function f and g,
then for all measurable function f and g, we have
and 0 p p
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1) For any cube and 2
n Q ≤ , all the Q χ ∈ , then:
, then there exist constants 1 2 , , 0 C δ δ > such that for all balls B in n  and all measurable subset S R ⊂ ( ) ( )
, there exist a constant 0 C > such that for any balls B in n  . we have
Main Theorems and Their Proof
with ( ) ( ) 
, , 2 , inf 0 : 1 
11 , 
.
This implies only to prove
, ,
Now we consider 12 
By the Equation (1.3) and using Lemmas 3.1, 3.5, 3.6, 3.7, we can obtain ( ) ( 
Finally, we estimate 13 η by Lemma 3.7, we get
Note that, when
. Therefore, applying the generalized Hölder's Inequality, we have ( )
According Lemma 3.4 and the formula  ( ) ( )
From Equations (1.4), (1.5) and using Lemma 3.7, and
we can obtain
Then we have ( ) η we have 
, , 
, d
The similar way to estimate of , T µ Ω in the proof of Theorem 1, we get that
By (1.7) and lemma 3.7, we obtain that ( ) 
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Define the variable exponent ( )  ( ) 
